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a) Fully-Connected Networks d) Self-Attention Networks
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FIGURE 7.1

Prominent deep learning architecture classes. At each layer, fully connected networks
connect all outputs to all inputs via learned weights, while in self-attention networks these
weights are input-dependent. See a thorough presentation and analysis of self-attention in
Section 7.3.1. Convolutional and recurrent networks are discussed in Section 7.4.
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An illustrative example of a matricization of an order-3 tensor.
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By relying on Claim 7.2 above, we establish lower bounds on rank([.A(y)]4.5)
by choosing a simple-to-analyze assignment of the network’s learned weights ® and
showing that for this value of the weights, there exist template vectors for which the
rank of the grid tensor’s matricization reaches a certain value. By relying on Claim 7.1
this in turn implies a lower bound on the separation rank of the analyzed architecture.
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By recursively applying Eq. (7.6) L times we attain a depth-L self-attention net-
work. In Section 7.3.4 we prove that the recursive relation in Eq. (7.6) implies that
the function realized by a network with representation dimension d, and H attention
heads per layer at output location i € [N] can be written as (Corollary 7.1)

N
_ ] Trd i ,
y”L’d"’H’O(Xl, . XN) = Z g (x’,xﬂ, ey XJC), (7.7)
j15-"5jC=]‘

where ® stands for all 4L H learned weight matrices: V(/,h) € [L] ® [H]: WK’l’h,
WLk WwV.Lh ¢ Rdaxds and WO-Ih ¢ Réx*da and the function g is a placeholder

. L_ . .
which integrates C + 1 := 32—1 + 1 different network input vectors.
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FIGURE 7.4
The separation rank of the function realized by self-attention networks is agnostic to the
input partition. In contrast, the functions realized by convolutional and recurrent networks

have exponentially higher separation ranks w.r.t. the interleaved partition (a) than w.r.t. the
left-right partition (b).

Proposition 7.1. For p € [d,], let yé;L’dx’H’@) be the scalar function computing the p-

th entry of an output vector at position i € [N] of the depth-L self-attention network
with embedding dimension d, and H attention heads per layer, defined in Egs. (7.6)
and (7.7). Then, its separation rank w.r.t. balanced partitions, which obey A U B =
[N], |Al, |B| = N/2, is invariant to the identity of the partition, i.e., YA U B =[N],
AUB=[N), s.t.|A|,|B|,|Al, |B| = N/a:

sep(a.g) (Vp " 10) =sep i g (v, 1), (7.8)

Accordingly, for the discussion on self-attention, we will omit the specification of

the partition, denoting sep(y;;L’d" H.9y a5 the separation rank of y},’L’d"’ H.9 W rt. any

balanced partition of the inputs.
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From [47], an experimental validation of the two depth efficiency/inefficiency regimes
predicted by the tensorial framework of this chapter. [47] further showed that the transition
between regimes occurs in exponentially larger network sizes as the networks gets deeper,
in agreement with the theory in Section 7.3.3.1.
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where r is referred to as the input embedding rank. For example, a naive representa-
tion of an image as a collection of N RGB vectors in R? would imply that » = 3, and
the identified bottleneck would come into play for dy > 3.
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732 Resulty on the sparctin of Sedf- attention
. T)\e/ 6(’{’@‘6 D]C Jlfﬂ'v L

L < (,sg,ulx) ) Olwf?en,7 widen (“heorem 7.1)
L= gy (ole), olecpons 3 wioken (Thopun].2)

Theorem 7.1. For p € [d,], let yé,’L’dx’H’(a be the scalar function computing the p-

th entry of an output vector at position i € [N] of the depth-L self-attention network
with embedding dimension d, and H attention heads per layer, defined in Egs. (7.6)
and (7.7). Let sep(y;,’L’dx’H’@) be its separation rank (Section 7.2). If L,d, obey
L <logs(dy), then the following holds almost everywhere in the network’s learned
parameter space, i.e., for all values of the weight matrices (represented by ®) but a

set of Lebesgue measure zero,

3L_2(10g3(dx —H)+ a) <log, (sep(yi;L’dx’H’Q)) < 3 logs(dy + H) (7.10)

with a = —L + [2 — logy 2] (note that logy(dy — H) + a > 0 in this regime of L <
log;(dy)).
dﬂfﬁw\ Sep - olowble exlmwc"w“j , wiolkh sof Fo\jrvovw{wltj
Hv width 7 [tneon

Theorem 7.2. For yi;L’dX’H’G as defined in Theorem 7.1, if L > logz(dy), then the

following holds almost everywhere in the network’s learned parameter space, i.e., for
all values of the weight matrices (represented by ®) but a set of Lebesgue measure

zero:

1 .
Sdv - L+by+by <logs(sep(y; = 9)) <2 L+ c1 + 2, (7.11)

with corrections on the order of L: by = —L(% + 1), c1 = L, and on the order of
dy 10g3(dx)-' by =—d,(1+ %logS(dxgH)): ¢ = —2d, - 10g3 d”‘/z\/Z + 10g3 d.
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* The effedc oj' bottlenecks

The following theorem states that the network’s capacity to model dependencies
is harmed by a low-rank input embedding.
Theorem 7.3. Let yi,’L’dx’H’r be the scalar function computing the pth entry of an
output vector at position i € [N] of the H-headed depth-L width-d, self-attention
network defined in Eq. (7.6), where the embedding rank r is defined by Eq. (7.9). Let
sep(yi’L’d"’H’r) denote its separation rank (Section 7.2.1). Then the following holds

p
(upper bound):

log(sep(y5"™ 4 ™7)) = O(L - min{r, d,}). (7.12)

Further assume that L > logzdy, H < r. Then for all values of the network
weights but a set of Lebesgue measure zero, the following holds (lower bound):

log(sep(y5“ 7)) = Q(L - (min{r, dy} — H)).

i (7.13)
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